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1. INTRODUCTION 
The method described in this paper, applies to all finite dimensional 
spaces. Solid partitions only serve as an example. 
We denote by 
n = nyonyln% . . . n”t-l 
2 t-1 ’ t > 1, (1) 
a partition of a positive integer n in which 
and so on; 
no occurs m, times, 
n, occurs m, times, 
n2 occurs m2 times, 
no > n, > n2 > ... > n,-, > 0, 
m, 3 1, r = 0, 1, 2,. .., t - I. 
(2) 
Consider the lattice points (x, y, z), 0 < X, y, z, in a three-dimensional 
space. We call (x’, y’, z’) a successor of (x, y, z), if 
x’ 3 x, y’ 3 y, z’ 3 z and x’ + y’ + z’ > x + y + z. (3) 
When such is the case, (x, y, z) is said to be a predecessor of the point 
(x’, y’, z’). It will be readily seen that (x, y, z) has 
(x + l)(y + l)(z + 1) - 1 
predecessors in all. The immediate successors of (x, y, z) are 
(x + 1, Y, 4, C&Y + 124 and 6, Y, z + 1). 
If a number of particles are placed at a point (x, y, z), the point is said 
to be occupied, otherwise vacant. 
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We denote by N(x, y, z) the number of particles placed at (x, y, z). 
In the case of solid partitions, particles are placed at the lattice points 
(x, y, z) so as to satisfy the following two conditions: 
(i) No point shall be occupied unless all its predecessors have been 
occupied; (4) 
(ii) If (x’, y’, z’) be a successor of (x, y, z), where (x, y, z) is occupied, 
then either (x’, y’, z’) is vacant or if not then 
Nx’, Y’, z’) d wx, y, 4. (5) 
To obtain a solid partition corresponding to the partition (1) of n, we 
select in succession m, points in space and place n, particles at each of 
them so that conditions (4) and (5) are satisfied. We then select m, points 
in the same manner and place IZ~ particles at each of them. The process 
is continued till we have finally selected the last batch of rntml points and 
placed nteI particles at each of them, without violating conditions (4) 
and (5) at any stage. 
A solid partition of n, in the sense of MacMahon [l], is thus a solution 
of the equation: 
where N(x, y, z) are decreasing (not strictly though) in each variable. 
Corresponding to any partition (1) of n, there will be one or more solid 
partitions of n. All these can be obtained by following the procedure 
described above. 
For the restricted solid partitions of this paper, while condition (4) 
stays, condition (5) is replaced by 
Wx’, Y’, z’> -=l Nx, Y, 4. (7) 
We use the abbreviation rsp for restricted solid partitions. Notice that 
there may be no rsp corresponding to a given partition (1) of n. This will 
be the case, for example, if m, is not 1. 
2. NECESSARY CONDITIONS FOR THE EXISTENCE OF rsp 
After the m, parts each equal to n, , m, parts each equal to n1 , m, parts 
each equal to n2 ,..., m,-, parts each equal to nTel have been tagged on 
to points in space without violating conditions (4) and (7), search for 
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suitable positions for the m, parts each equal to n, must be made among 
the vacant points belonging to the set 
{(x, y, 4: x + Y + 2 < r, r < t - 11. 
Hence, we must have 
03) 
m, < (‘5 “j - Emi, r = 1,2 ,..., t - 1 
with m, = 1 as already stated. 
These conditions are necessary but not sufficient because some of the 
vacant points of (8) may not satisfy condition (4). 
3. NUMBER OF rsp OF n 
THEOREM. Denote by R(n) the number of rsp of n and by R(n, n, , n,) 
the number of those derivable from (1) with given n, and n, , then 
R(n) = R(n - 1) + c Rh no, no - 11, n > 3, 
no<[(n+l,/2] 
with R(1) = 1 = R(2). 
Proof. By placing an extra particle at the origin, we can get from 
each rsp of (n - 1) a unique rsp of n. The reverse process is possible 
except when no = n, + 1. Hence the theorem. 
The problem of computing R(n) is thus reduced to that of finding the 
values of R(n, n ,, , no - 1) for values of no < [(n + 1)/2]. For this purpose, 
we write out all the partitions (1) of n with no as the largest part and 
(no - 1) as the next smaller one, the largest part no not being repeated. 
We then find the number of rsp derivable from each of these. 
Thus, for n = 10, the only partitions that will need to be considered are: 
51 41 11, 41 32, 41 31 2’ 11, 41 31 13, 
31 23 11, 31 22 13, 3121 15, 2’ 18. 
Further simplifications arise from the following obvious observation: 
The number of rsp derivable from (1) is the same as the number of those 
derivable from the partition: 
pyt _ 1)“1(t _ 4% . . . y-al”‘-’ 
of some integer q < n. 
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In other words, the number of rsp derivable from a given partition 
of n depends on the order relation between the parts but not on their 
actual size. 
EXAMPLE. Let us compute the number of rsp corresponding to the 
partition 
71 42 23 
of 21. The required number is the same as the number of rsp derivable 
from the partition 
31 22 13 
of 10. 
After the 3 particles have been placed at the origin, the two 2’s will 
have to be placed at two of the three points 
(LO, Oh (0, 1, O), and (0, 0, 1). 
Suppose the two 2’s have been placed at the points (1, 0,O) and (0, 1,O). 
Then the three l’s can be placed at three of the points 
(0, 0, l), c&o, 01, (1, LO) and (09% 0) 
the predecessors of which have already been occupied. Hence the required 
number of rsp must be 12. 
4. TABLES 
The following table gives the number of rsp corresponding to certain 
standard partitions that are all that are necessary for values of n < 12. 
Partitions for which there are no rsp are not recorded. 
Partition w  Partition rsp Partition w  
21 11 3 31 21 13 3 3122 14 3 
21 12 3 3l 22 l2 18 31 23 12 15 
21 13 1 4l 3l2l l1 33 4l 3l 22 11 42 
3l 2l l1 9 31 23 11 6 41 3121 13 27 
31 21 12 9 3l 22 l3 12 31 23 13 20 
31 22 11 12 4l 3l 2l l2 45 
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This table readily gives the values of R(n) for n < 12. These are recorded 
in the following: 
fi R(4 n R(n) n R(n) 
1 1 5 11 9 99 
2 1 6 20 10 165 
3 4 7 35 11 270 
4 7 8 59 12 443 
My thanks are due to Professor D. H. Lehmer and the referee for their useful 
suggestions for improvement of this paper. 
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